Abstract-In this paper, we study the algebraic structure of
INTRODUCTION
Let Z 2 be the ring of integers modulo 2. Let Z Additive codes were first defined by Delsarte in 1973 in terms of association schemes [5] , [9] . In a translation association scheme, an additive code is generally defined as a subgroup of the underlying abelian group.
Codes over finite rings were studied in [6] , [8] and with the remarkable paper by Hammons et.al [5] have been studied intensively for the last four decades. A study on mixed alphabet codes has been introduced and some bounds have been presented by Brouwer et.al . [1] .
Later, Z 2 Z 4 -additive codes were generalized to Z 2 Z 2 sadditive codes by Aydogu and Siap [2] . For s ≥ 2, these generalisations to Z 2 Z 2 s -additive codes are interesting since they provided good binary codes via Gray maps with rich algebraic structure. Furthermore, the structure of Z p r Z p s -additive codes and their duals has been determined [3] . In this correspondance, begin inspired by these additive codes, a generalization towards another direction that have a good algebraic structure and provide good binary codes is presented. The aim of this paper is the study of the algebraic structure of Z 2 [u]Z 2 [u, v] -additive codes and their dual codes. It is organized as follows. In Section 2, we recall the linear codes over the ring Z 2 + uZ 2 and the linear codes over the ring Z 2 + uZ 2 + vZ 2 + uvZ 2 . In Section 3, we study the concept of Z 2 [u]Z 2 [u, v]-additive codes and duality, we determine the generator matrices of the these codes. In section 4, we study the structure of 
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Z 2 [u]Z 2 [u, v]-
LINEAR CODES OVER CHAIN RINGS
Let R be a ring, then R n is an R-module. A submodule of R n is called R-linear code. We denote the Hamming weight of a word as w H and Lee weight as w L .
The set Z 2 + uZ 2 = {0, 1, u, 1 + u}, where u 2 = 0, is a commutative finite chain ring of four elements. We denote this ring as R 1 .
In [7] , a R 1 -linear code C is permutation equivalent to a code with generator matrix
where A, B 1 , B 2 and D are matrices over Z 2 .
where the Hamming weight of a word is the number of nonzero coordinates in it.
The definition of the weight immediately leads to a Gray map from R 1 to Z 2 2 which can naturally be extended to R n 1 :
and ⊕ denotes addition in Z 2 . Let R 2 be the ring Z 2 [u, v] := Z 2 +uZ 2 +vZ 2 +uvZ 2 with u 2 = 0, v 2 = 0 and uv = vu where Z 2 = {0, 1}. Then R 2 is a commutative finite chain ring of 16 elements and a + ub + vc + uvd ∈ R 2 is a unit iff a = 0.
The group of units of R 2 is given by R *
It is also a local ring with the unique maximal ideal uvR 2 .
A linear code C of lenght n over the ring R 2 is an R 2 -submodule of R n 2 . A non-zero R 2 -linear code C has a generator matrix which after a suitable permutation of the coordinates can be written in the form: 
where A ij are all matrices over Z 2 .
To define the Lee weights and Gray maps for codes
The definition of the weight immediately leads to a Gray map from R 2 to Z 
We know that the ring Z 2 [u] is a subring of the ring R 2 . Being inspired by the structure of Z 2 Z 2 [u]-additive codes, we define the following set:
] cannot be endowed with algebraic structure directly. It is not well defined with respect to the usual scalar multiplication by v ∈ R 2 . Therefore, this set is not an R 2 -module. To make it well defined and enrich with an algebraic structure we introduce a new scalar multiplication as follows: We define a mapping
It is easy to conclude that η is a ring homomorphism. Using this map, we define a scalar multiplication.
with respect to the scalar multiplication defined in Eq.2. Then the binary image 2 , and k 3 are defined above.
Generator matrices of
where 
and C has |C| = 2 2 2 1 2 4 2 3 2 2 = 2 12 = 4096 codewords.
Duality of
We denote by C the corresponding additive code, i.e., C = Φ −1 (D). The additive dual code of C, denoted by C ⊥ , is defined in the standard way
The additive dual code C ⊥ also an additive code, that is a subgroup of R
As in the classical case, the generator matrix of the dual code is important. In the following theorem, the standard form of the generator matrix of the dual code is presented.
with the standard form matrix defined in equation (3) . Then the generator matrix for the additive dual code C ⊥ is given by 
THE STRUCTURE OF Z 2 [u]Z 2 [u, v]-ADDITIVE

CYCLIC CODE
In this section, we introduce the definition of a additive cyclic code and some algebraic structure.
A code C is cyclic if and only if its polynomial representation is an ideal.
A additive code C is called a Z 2 [u]Z 2 [u, v]-additive cyclic code if any cyclic shift of a codeword is also a codeword.
i.e., (a 0 , a 1 
Proof. Let C be any
Let S is a cyclic shift, and j = lcm(α, β). Then we have S(x)
Similarly, we introduce a new scalar multiplication. Now, we have the following scalar multiplication:
. Now, we define the homomorphism mapping:
It is clear that Image(Ψ) is an ideal in the ring
,
Similarly,
According to the fundamendal theorem of homomorphism, we have
By these discussion, it is easy to see that any Z 2 [u]Z 2 [u, v]-additive cyclic code can be generated by two elements of the form
which can be generated by
where
In this section, we introduce the definition of a additive constacyclic code and some algebraic structure.
For fixed units 1 + u ∈ R 1 and 1 + uv ∈ R 2 . The shift
Let σ be the cyclic shift. For any positive integer s, let σ s be the quasi-shift given by
On the other hand, Proof. If C is (1 + u, 1 + uv)-additive constacyclic, then using Lemma(5.1) we have σ 2 (Φ(C)) = Φ(τ (C)) = Φ(C).
Hence, Φ(C) is a binary quasi-cyclic code of index 2.
Conversely, if Φ(C) is a binary quasi-cyclic code of index 2, then using Lemma (5.1) again we get Φ(τ (C)) = σ 2 (Φ(C)) = Φ(C). 
CONCLUSION
In this paper, we studied Z 2 [u]Z 2 [u, v]-additive codes some property, including generator and parity check matrices for the codes. We fund the Gray map Φ is a distance preserving map and weight preserving map as well. At the end of this paper, we introduce the structure of Z 2 [u]Z 2 [u, v]-additive cyclic codes and constacyclic codes.
